Abstract. In the already vast literature dealing with numerical simulations of fracture of concrete elements or structures, a large number of papers deal with cohesive traction-separation laws. However, in many instances, this appears to be a secondary aspect of the published studies, the principal one being the variant of the numerical algorithm being presented in the research. This makes difficult to compare the various available formulations for the vectorial traction-separation law (t-w law). The present work aims at initiating a systematic comparison between the t-w laws, and this is done comparing a subset of the possible formulations using exactly the same numerical algorithms. The analysis is restricted, in this contribution, to damage-based models in the tensile zone (positive normal components of the traction and the crack displacement vectors). All the models use the same uniaxial softening function and the emphasis is on the vectorial character of the t-w law, namely, on the influence of (1) the lack of coaxiality of t and w; (2) the shape of the damage criterion in the traction space; and (3) the influence of the ratio of fracture energies in pure modes I and II. The simulations have been carried out within the finite element framework COFE (Continuum Oriented Finite Element), which implements elements with an embedded adaptable crack to reproduce fracture of concrete as well as a smeared version that, essentially, unifies the numerical algorithms of both approaches.
INTRODUCTION
In the already vast literature dealing with cohesive cracking in concrete and other quasibrittle materials since Hillerborg introduced the "fictitious crack model" in the mid 1970s [1] , the numerical techniques aimed at the application of cohesive models to structural analysis are predominant, especially along the last two decades. An essential ingredient of such numerical models is the behavior of the cohesive crack itself, characterized by a law relating the traction vector transferred across the crack faces t to the relative displacement vector between those faces w, usually abbreviated to traction-separation law of the cohesive crack (or t-w law). Unfortunately, most of the available publications are more focused on the computational technologies than in the cohesive behavior itself and it is difficult to draw general conclusions about the suitability of the various traction-separation laws because few studies are available that compare them without concurrent substantial changes in numerical methodologies and algorithms.
The present work reports the initial results of a systematic research on the essential conditions that a traction-separation law should fulfill to guarantee that it does not carry any deleterious collateral effects on the numerical calculations. The paper is organized as follows: A brief account is given in Sec. 2, which is followed, in Sec 3, by the description of a family of damage-based models which includes most of the models of that kind that can be found in the literature; Sec. 4 reports results of a numerical study on the effect of the two principal parameters of the family of models in a paradigmatic case; Sec. 5 closes the paper with the main conclusions of the work.
BACKGROUND

Cohesive crack basics
This work focuses on the generalization of the cohesive model proposed initially for concrete cracking in Mode I (pure opening) by Hillerborg and co-workers, which has been extensively used for that material as well as many other quasibrittle materials [1] [2] [3] [4] [5] . In essence, the model assumes that the material outside the fracture surfaces remains in linear-elastic regime at all times; when, a a point, the maximum principal stress σ 1 reaches the tensile strength f t of the material, a crack forms at that point which is locally perpendicular to the maximum principal stress direction. When the crack opening w of that crack at that point increases monotonically in pure Mode I, the model assumes that the traction vector over the crack faces is normal to the crack and its magnitude σ is given by a function of w which is a material property; thus, we write;
For general purpose computations, in which no pure opening mode can be anticipated, a vectorial relationship is required relating the traction vector t to the separation vector w defined as the displacement of one face of the crack with respect to the other (which is taken as a reference. f (w) is called the softening curve in pure Mode I. It is schematically represented in Fig. 1 and is one of the fundamental ingredients of the cohesive behavior, but not the only one, because, in general, cracks do not evolve in pure Mode I. The equivalent values for the traction (t eq ) and the separation (w eq ) are defined in Sec. 3 for the models under scrutiny.
Traction separation laws
In the published works, three families of traction-separation laws can be identified: (1) Elastic (reversible) models in which the t-w law derives from a potential function and, thus, cannot correctly describe unloading processes (see [6] for a recent review of such kind of models).
(2) Elasto-plastic models in which the formulation parallels that of classical continuum elastoplasticty, but vectorial relationships between t and w are set instead of σ and [7] [8] [9] [10] [11] [12] [13] ; since the stiffness of the crack just after initiation is nominally infinite, in the limit its behavior should be rigid-plastic, and these models are characterized by a very stiff unloading response.
(3) Damage-based models obtained by exporting classical continuum damage approaches to vectorial, rather than tensorial, relationships, characterized by displaying linear unloading to the origin [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
Obviously, models exist that combine some of the characteristics of the aforementioned ones, an a few more that do not fit into any of those categories. Among the last-mentioned are the pioneering works of Rots and others [25, 26] in which the the formulation is strictly tangent and so is based on differential relationships of the hypoelastic typeṫ = Kẇ, where K is a tangent stiffness tensor depending on other state variables. The essential of these models was later reformulated in secant form [11, 12, 27, 28] ; versions of such kind can be found in various commercial finite element programs.
About traction-separation coaxiality
There is a good reason to believe that, in this kind of models, the vectors t and w must be coaxial (parallels): this is a necessary condition for the fracture power per unit surface t ·ẇ be frame independent [29] . This is due to a lack of rotational equilibrium in the system of forces acting on the crack faces [30] , as depicted in Fig. 2 . This fundamental facts attracted little attention until relatively recent times, and most existing models allow non coaxial traction-separation laws, and so does the family of models that we consider in the following. 
A DAMAGE-BASED FAMILY OF TRACTION-SEPARATION LAWS 3.1 Basic formulation
The model is developed in the framework of constitutive equations with internal variables (see, e.g., [32] ) in which the usual tensorial variables stress and strain are replaced by the vectorial variables t-w. The simplest model assumes a single monotonically increasing internal variable κ, and we look for a function t = t(w, κ; n) that includes a parametric dependence on the unit normal to the crack faces n. Assuming that the Helmholtz free energy per unit area is a function ψ(w, κ; n) depending quadratically on w, and assuming, furthermore, material isotropy, we get, following a procedure similar to that followed by Jirásek in [10] and [33] , the following expression for the cohesive traction:
where k n (κ) and k s (κ) are, respectively, the normal and shear stiffnesses which must be decreasing functions of κ to satisfy the principle of universal dissipation. In the previous expressions, w n n and w s are the vectorial projections of w, respectively, on the normal and on the plane of the crack; their analytical expressions are w n := w·n , , w s := w − w n n.
To simplify the model, it is usually assumed that the ratio of the stiffnesses is constant [10, 14, 33] , and write
To complete the model, we need to establish the laws for damage growth, and the function for the normal stiffness. Thus, we first assume that there exist: (1) a scalar function of the separation vector that we call equivalent separation w eq (w), and (2) a damage criterion stating that κ is the historical maximum of w eq , which reduce to any of the equivalent conditions
If we choose function w eq (w) so that in pure Mode I its value coincides with the normal separation, i.e., satisfying
and we further impose the condition that in Mode I the relation between the stress and the separation is given by the softening function (1), it is easy to reduce expressions (2) and (3) to
since, then, for pure monotonic opening mode we have κ = w n = w, w s = 0 and the foregoing equation trivially reduces to t = σn = f (w)n, which is the vectorial form of Eq. (1). One of the simplest expressions for w eq satisfying condition (4) -and the one investigated in the remaining part of the paper-is the following:
where w s := |w s | = √ w s ·w s is the magnitude of the shear component, and α is a further material constant which meaning is disclosed next.
Fracture energies
Although, in practice, it is impossible to initiate cracking of the bulk material in mixed mode, because the most unfavorable orientation for cracking always coincide with a principal stress plane, we can, based on the foregoing equations, compute the theoretical value of the fracture energy along any assumed path in the separation space. In particular, we assume a proportional separation path in which w = w n n + mw n e s , where e s is a constant unit vector perpendicular to n and m := w s /w n is the constant ratio between the shear and the normal components of the separation vector. In this case we have, substituting in (6) and assuming that w n increases monotonically,
and the fracture energy for final fracture is
and since the last integral equals the Mode I fracture energy, we have that the theoretical fracture energies in mixed mode with proportional separation path, and in Mode II are, respectively,
where the last expression is obtained as the limit of the first for m → ∞. It may be noticed that for α = 1, the fracture energy is fully path-independent for any value of β.
Most of the published models can be rewritten as particular cases of the foregoing model. Most of them correspond to cases with coaxial traction-separation and path-independent fracture energy (α = β = 1) [20] [21] [22] [23] , some imply central forces (β = 1) [17] , some enjoy pah independent fracture energy (α = 1) [14] [15] [16] , and the models in [18, 19, 24] depend on a single parameter implying a functional relationship between α y β.
Damage criteria
The damage criterion expressed in equivalent separation is the inequality of equation (5) 1 , with w eq given by (6) . Its graphical representation in a plane w n -w s shows that the instantaneous elastic domain is a quarter of an ellipse with semi-axes κ and ακ/β (Fig. 3a) . The elastic domain homogeneously expands with increasing damage κ. Since the initial elastic domain collapses into the origin, the crack initiation condition is better described in the traction space which is obtained as described next. We solve from Eq. (5) 1 for the normal and shear components of w as functions of the corresponding components of t and insert the result in the criterion expressed in separation; after simplifying an reordering we get the equation of the elastic domain in the traction space as
which shows that the elastic domains are, again, similar quarter-ellipses with center at the origin an semi-axes f (κ) and αβf (κ) as shown in Fig. 3b . Also shown in this figure is the crack initiation criterion (thick blue curve). Turning now to the crack initiation in an initially uncracked continuum, Fig. 4 shows Mohr's circles for simple tension an pure shear for which the experience shows that cracks form perpendicular to the principal direction of maximum tension. Thus, the crack initiation criterion (blue line in the figure) must be tangent to Mohr's circles at their rightmost point, and external to the Mohr's circles anywhere else, which implies that α and β must satisfy αβ > 1. Figure 6 shows the main ingredients of the numerical model, which coincide, in essence with those presented in [21] , except that vectors t y w do not need to be parallel (they are not if β = 1) and the equivalent separation does not need, either, to be equal to the magnitude of w (it is not if α = β). Otherwise, the element type (constant strain triangles), the crack kinematics (strong discontinuity), and the remaining characteristics are identical to those described in [21] . Among those characteristics, the following are worth being recalled: (1) the crack is required to satisfy local equilibrium, which implies that its exact position in the element is not required; (2) the computations are strictly local, i.e., no crack tracking algorithm is used, the orientation of the crack in the element and the corresponding solitary node are determined based only of the current nodal displacements in the corresponding element; however, two strictly numerical expedients are used to avoid crack locking: (3) the initial elastic stiffness matrix is used for the element throughout the computation; and (4) the crack in the element is allowed to reorient itself following the principal stress rotations while its equivalent crack opening is small compared to w 1 defined in Fig. 1 (this is called limited crack  adaptability) .
EFFECT OF PARAMETERS α AND β
Numerical method
Feature (3) implies a large number of iterations (but these are very fast because back substitution is only required), which turns out to be a virtue when combined with feature (4) since the cracks are given more opportunities to adopt the right orientation (or even get closed), while seeking for convergence, in a kind of selfannealing process.
With that procedure and the new equations for the traction-separation law, an extensive parametric study is under way to ascertain the influence of the parameters α and β. The first step consists in simulating highly symmetric problems in which, theoretically, the dominant crack is subjected to pure Mode I, as in the case of a three-point bent beam. In such situation, the results of the simulation should be strictly independent of α and β, since the shear components of the traction and the separation vectors are zero in Mode I. The simulations and their main outcome are described next. Figure 7 displays the geometry of the beam and the two finite element meshes used in the computations, which were created with the finite element mesher GMSH [35] , with default settings.
Three-point bending of a beam
The softening curve was taken to be linear (dashed straight line in Fig 1) with f t = 3.0 MPa and w 1 = 0.030 mm; the elastic modulus and Poisson's ratio were, respectively set to E = 30 GPa and ν = 0.17. The computations were carried out under control of the elongation w B of the bottom line in the mid-span, as defined in Fig. 7 . A total elongation of 0.1 mm was applied in 100 identical steps. Computations have been carried out for the parameter combinations marked with full circles in the diagram of figure 5.
Numerical results
Coaxial models (β = 1).
Numerical simulations with β = 1 (t and w coaxials) were carried out for α = 1, 2, 4, 8, 16 for both the coarse and the fine mesh. Figure 8 displays the effect of α on the curves load v.s. mid-span elongation, w B .
The inset in the figure shows a zoom of the area close to the peak in which it is clear that, for each mesh, the effect of α is to increase the load for a given abscissa. The increase is greater when increasing α from 1 to 2, but diminishes for any subsequent doubling and saturates rapidly for α > 4 to reach a nearly asymptotic value for α = 16.
It can also be noted that for α = 1 (pathindependent fracture energy), the effect of the mesh is very small, negligible for any practical purpose. However, the effect of increasing α is stronger for the finer mesh, and the question arises about the evolution of the effect upon further refinement. 
Non coaxial models (β = 1).
In the set of simulations in which α was kept constant equal to 1 and β was varied from 1 to 32, the trend of the results were found to be completely different from those in the previous paragraph: as can be observed in Fig. 9 , the load-w B curves are drastically different for values of β greater than 2 for the coarser mesh. In addition to notable increases in the peak load, the lack of coaxiality of t y w induced by β lead to unstable behavior in the post peak for values of β of 4 or greater.
The situation is even worse for the finer mesh: Figure 10 shows the corresponding curves for that mesh for a few combinations of α and β; the curve for α = β = 1 computed using the coarse mesh is also included for comparison. The curves for β = 1 are smooth and indistinguishable at the scale of the plot. As β is increased to 2 and then to 4, a sharp increase of the peak load appears together with a sharp drop just after the peak which indicates an initial reluctancy of the initially disperse cracking region against localization. Comparing with the previous figure for the coarse mesh, we see that the results show a clear spurious mesh-dependence for β ≥ 2.
To complete the overview of the results, Fig 11 displays the cracking patterns for the for the finer mesh and the combinations of α and β discussed in the previous paragraph. The displayed cracks correspond to the last step of the computations (w B = 0.1 mm). The white dashed lines indicates, for each case, the central cross-section of the specimen; the arrows at the top of these lines represent the residual loading force at the mid-point. Note that in the rightmost image, which corresponds to β = 4, the crack is far from vertical, and that its mouth is far away from the mid-plane; note also the large bulb of diffuse cracking around the crack tip in this case. 
CONCLUSIONS
From the foregoing theoretical and numerical results we can draw the following conclusions:
1. A damage-based model has been presented that is defined by equations (5) and (6), which includes and extends most of the models of this type found in the literature.
2. The shear energy factor α controls the ratio between the fracture energies in modes II and I according with Eq. (8), and does not introduce spurious behaviors in the analysis of the growth of a crack in, nominally, Mode I.
3. The shear stiffness factor, on the contrary, do introduce serious spurious disturbances in the computational results. This suggests that, until a deeper analysis might prove the contrary, the best choice is to take β = 1 which guarantees coaxiality of traction and separation vectors and, therefore, frame-indifference of the fracture power and rotational equilibrium of cohesive forces.
4. Notwithstanding this, further studies will be carried out to ascertain the influence of β in its low-value range (β < 1.5, say).
